There exists a (relatively minimal) genus g Lefschetz fibration with only one singular fiber over a closed (Riemann) surface of genus h iff g ≥ 3 and h ≥ 2. The singular fiber can be chosen to be reducible or irreducible. Other results are that every Dehn twist on a closed surface of genus at least three is a product of two commutators and no Dehn twist on any closed surface is equal to a single commutator.
Introduction
A Lefschetz fibration is a fibration of a smooth 4-manifold over a surface with general fiber another closed orientable surface, which may admit certain singular fibers. The isomorphism class of a Lefschetz fibration is determined by its global monodromy. This leads to a combinatorial approach to study the topology of smooth 4-manifolds (which admit Lefschetz fibrations) by their monodromy representations in the mapping class groups. In particular, the number of singular fibers in a Lefschetz fibration cannot be arbitrary and depends on the genus of the fiber, the genus of the base and the algebraic structure of the mapping class group of the generic fiber -as we will illustrate below.
Let N (g, h) denote the minimal number of singular fibers in a relatively minimal genus g Lefschetz fibration (with at least one singular fiber) over a closed (Riemann) surface of genus h.
Our first result is the following theorem.
Let Σ g be a closed connected orientable surface of genus g. The mapping class group M g of Σ g is defined to be the group of isotopy classes of orientation preserving diffeomorphisms Σ g → Σ g .
For a simple closed curve a on an oriented surface, let us denote by t a the right Dehn twist about a.
We also prove the following theorem, which is needed for the proof of Theorem 1.1. Theorem 1.2. Let Σ g be a closed connected oriented surface of genus g and let a be a simple closed curve on Σ g . If g ≥ 3, then t a can be written as a product of two commutators.
Definitions and proofs
Definition 2.1. Let M be a closed, connected, oriented smooth four manifold. A Lefschetz fibration is a smooth map π : M → Σ, where Σ is a closed, connected, oriented surface, such that π is injective on the set of critical points C = {x 1 , ..., x n } and about each x i and π(x i ) there are complex local coordinate charts agreeing with the orientations of M and Σ on which π is of the form π(z 1 , z 2 ) = z 2 1 + z 2 2 . Any fiber containing a critical point is called a singular fiber. Clearly all regular fibers are closed surfaces and are of the same diffeomorphism type. We will assume that the generic fiber is connected and our fibration is relatively minimal, i.e., no fiber contains a (−1) sphere. If the genus of the fiber is at least two, then a Lefschetz fibration is determined by its monodromy representation
(See [4] for more about Lefschetz fibrations.)
Recall that for a group G, the first homology group with integral coefficient is
Let Σ g be a closed oriented surface. It is well known that H 1 (M g ) is generated by the class of a Dehn twist about a nonseparating simple closed curve and is equal to Z 12 if g = 1, Z 10 if g = 2 and trivial if g ≥ 3. We say that a simple closed curve on a closed surface is nontrivial if it does not bound a disc.
Lemma 2.2. For every
Proof. All nontrivial simple closed curves on Σ 1 are nonseparating and the right Dehn twists map to the same generator under the natural map M 1 → H 1 (M 1 ). Hence, if a product of right Dehn twists is trivial (or equal to a product of commutators), then the number of twists is divisible by 12. This implies that the number of singular fibers in a genus one Lefschetz fibration must be divisible by 12. Moreover, 12 is clearly realized by the elliptic surfaces E(1)#Σ 1 × Σ h for any h ≥ 0. (Here # denotes the fiber sum.)
The next result is due to Matsumoto [10] .
Proof. Since every right Dehn twist about a nontrivial separating simple closed curve on Σ 2 is the product of 12 right Dehn twists about nonseparating simple closed curves, its image under the map M 2 → H 1 (M 2 ) is 2. Hence, if a product of right Dehn twists about n nonseparating and s separating simple closed curves is trivial (or equal to a product of commutators), then n + 2s ≡ 0 (mod10).
Therefore, there are at least 5 singular fibers in a genus two Lefschetz fibration over a closed surface. Moreover, a genus 2 Lefschetz fibration with 8 singular fibers is constructed in [10] .
For a 4-manifold Y , let e(Y ) and σ(Y ) denote the Euler characteristic and the signature of Y , respectively. The next proposition is proved by Stipsicz [12] , [14] . Proof. Suppose that N (g, 1) = 1 for some g. Then there is a 4-manifold Y which admits a relatively minimal genus g Lefschetz fibration over a torus with only one singular fiber. Hence e(Y ) = 1. The inequality 0 ≤ c 2
On the other hand,
which is a contradiction. This proves the proposition.
Corollary 2.6. The Dehn twist about a nontrivial simple closed curve on a closed surface cannot be equal to a single commutator.
Proof. Suppose that a right Dehn twist is a commutator. Then there is a relatively minimal Lefschetz fibration of genus g with only one singular fiber over the torus. Hence, N (g, 1) = 1, which contradicts Proposition 2.5.
We are now ready to prove our main results.
Proof of Theorem 1.2. Consider a sphere X with four holes with boundary components a, a 1 , a 2 , a 3 . By the lantern relation [5] there are three simple closed curves
. Here for two diffeomorphisms α and β, the composition αβ means that α is applied first. However, we will use the notation α(x) to mean that α is applied to x.
Since the genus of Σ g is at least three, X can be embedded in Σ g in such a way that a 1 , a 2 , a 3 , b 1 , b 2 , b 3 are all nonseparating. The simple closed curve a can be chosen either nonseparating or separating bounding a subsurface of arbitrary genus (cf. Figure 1 and Figure 2 ). Furthermore, the complement of a 1 ∪ b 1 and that of a 2 ∪b 2 are connected. Hence, there is an orientation preserving diffeomorphism F of Σ g such that F (a 1 ) = b 2 and F (b 1 ) = a 2 . Let K be another orientation preserving diffeomorphism of Σ g such that K(b 3 ) = a 3 and let f and k be the isotopy classes of F and K respectively. Then
. This concludes the proof of Theorem 1.2. Proof of Theorem 1.1. The fact that N (g, h) > 1 is proved above for g < 3 or h = 1. Clearly, N (g, 0) > 1 for all g ≥ 1. Suppose that g ≥ 3 and h ≥ 2. Let p and q be two distinct points in Σ h . Choose a free basis {x 1 , y 1 , x 2 , y 2 , ..., x h , y h } of π 1 (Σ h \{p}, q) such that h i=1 [x i , y i ] is isotopic to a simple loop encircling the point p. Consider the following monodromy representation
This representation gives a genus g Lefschetz fibration with only one singular fiber (whose vanishing cycle is the given curve a) over a closed surface of genus h since we have the relation
This finishes the proof of the theorem. [6] .) If the genus of the surface is at least three, then the proof of Theorem 1.2 shows that t n a can be expressed as a product of (3n+1)/2 (resp. 3n/2) commutators if n is odd (resp. even). Using the lantern relation, we can also prove that if the genus is at least three, then t n a can be written as a product of n (resp. n + 1) commutators if n is even (resp. odd).
2) The conclusions of Theorem 1.2 and Corollary 2.6 hold also for surfaces with boundary.
3) Theorem 1.2 also shows that the unique singular fiber can be chosen reducible or irreducible. (A singular fiber is called reducible (resp. irreducible) if the corresponding vanishing cycle is separating (resp. nonseparating)). 4) ESTIMATES ON N (g, 0). In [2] , Cadavid proves that N (g, 0) ≤ 2g + 4 if g is even and N (g, 0) ≤ 2g + 10 if g is odd. (This result was also discovered independently by the first author [7] .) Recently, Stipsicz [13] proved that 1 5 (4g + 2) ≤ N (g, 0).
5) ESTIMATES ON N (2, h).
The second author showed that N (2, 0) = 7 or 8 in his thesis [11] . It is also clear that there is a k ≥ 1 such that N (2, h) = 5 for each h ≥ k (cf. [3] ).
6) Examples of a Lefschetz fibration with a unique singular fiber and prescribed fundamental group were constructed in [1] .
